Abstract. A permutoid is a set of partial permutations that contains the identity and is such that partial compositions, when defined, have at most one extension in the set. In 2004 Peter Cameron conjectured that there can exist no algorithm that determines whether or not a finite permutoid based on a finite set can be completed to a finite permutation group, and he related this problem to the study of groups that have no non-trivial finite quotients. This note explains how our recent work on the profinite triviality problem for finitely presented groups can be used to prove Cameron's conjecture. We also prove that the existence problem for finite developments of rigid pseudogroups is unsolvable.
Introduction
Across many contexts in mathematics one encounters extension problems of the following sort: given a set S of partially-defined automorphisms of an object X, one seeks an object Y Ą X and a set of automorphismsŜ of Y such that each s P S has an extensionŝ PŜ. In the category of finite sets, this problem is trivial because any partial permutation of a set can be extended to a permutation of that set. Less trivially, Hrushovski [6] showed that extensions always exist in the category of finite graphs. But if one requires extensions to respect (partially defined) compositions in S, such existence problems become more subtle. In 2004 Peter Cameron [3] conjectured that there does not exist an algorithm that can solve the following extension problem. Problem 1.1. Given partial permutations p 1 , ..., p m of a finite set X (that is, bijections between subsets of X) such that (1) p 1 " id X , and (2) for all i, j with dompp i q X ranpP j q ‰ H, there is at most one k such that p k extends p i¨pj Date: 17 May 2014. Both authors thank the EPSRC for its financial support. Bridson's work is also supported by a Wolfson Research Merit Award from the Royal Society; he thanks them and he thanks the Erwin Schrödinger International Institute for Mathematical Physics in Vienna for its hospitality during the writing of this article.
decide whether or not there exists a finite set Y containing X, and permutations f i of Y extending p i for i " 1, ..., m, such that if p k extends p i¨pj then f i˝fj " f k .
We shall prove that this problem is algorithmically unsolvable by relating it to our recent work on the triviality problem for finitely presented profinite groups [2] . Cameron himself recognised the link between these problems and his articulation of it provided impetus for our work in [2] .
In the final section of this paper we shall explain how our main construction also can be adapted to prove a similar undecidability result for rigid pseudogroups.
Partial Permutations and Permutoids
To enhance the clarity of our arguments, we abstract and name the objects that are the subject of Problem 1.1 -permutoids -and define certain morphisms between them.
A partial permutation of a set X is a bijection between two non-empty subsets of X. We denote the domain and range of a partial permutation p by domppq and ranppq respectively. By definition, q extends p if domppq Ă dompqq and qpxq " ppxq for all x P domppq. The composition p¨q of two partial permutations p, q on X is defined if ranppq X dompqq is non-empty: p¨qpxq " ppqpxqq for x P p´1pranppq X dompqqq. Definition 2.1. A permutoid pΠ; Xq is a set Π of partial permutations of a set X such that
(1) Π contains 1 X , the identity map of X; (2) for all p, q P Π there exists at most one r P Π such that r extends p¨q (if the composition exists). The permutoid is finite if X is finite, and trivial if Π " t1 X u.
A morphism of permutoids pΠ; Xq pφ,Φq Ñ pΠ 1 ; X 1 q is a pair of maps φ : Π Ñ Π 1 and Φ : X Ñ X 1 so that:
(1) φp1 X q " 1 X 1 ; (2) Φpdomppqq Ď domφppq and φppqpΦpxqq " Φpppxqq for all p P Π and x P domppq; (3) if r extends p¨q, with p, q, r P Π, then φprq extends φppq¨φpqq. The morphism pφ, Φq is an isomorphism if Φ and φ are bijections and φppq " Φ˝p˝Φ´1 for all p P Π.
The morphism pφ, Φq is a quotient map if Φ and φ are surjections. The morphism pφ, Φq is an extension if Φ is injective. Proof. Parts (1) and (2) are immediate from the definitions. For (3), note that if p, q P Π are distinct, then q cannot be a restriction of p for otherwise q and p would both be extensions of p¨id X , contradicting Definition 2.1(2). It follows that any extension of a non-trivial permutoid is non-trivial, and hence so is its universal group.
Cameron permutoids
A marked group is a pair pG, Aq where G is a group and A is a generating set. Let ρ be a positive integer. Let B ρ Ă G be the set of elements that can be expressed as a word of length at most ρ in the generators and their inverses, and define B 2ρ similarly. Define p 1 to be the identity map on B 2ρ , and for each b P B ρ t1u define p b : B ρ Ñ B 2ρ to be the restriction of left multiplication by b; that is,
Lemma 3.1. The pair pΠ ρ ; B 2ρ q is a permutoid. If A is finite then this permutoid is finite.
Proof. Each element g P G is uniquely determined by its action by left multiplication on any point x P G. Thus, for all b, b 1 P B ρ , if bb 1 lies in B ρ then p bb 1 is the unique element of Π ρ extending p b¨pb 1 , and if not then no element of Π ρ extends p b¨pb 1 .
Definition 3.2. Given a marked group pG, Aq and a positive integer ρ, pΠ ρ ; B 2ρ q is called 1 a Cameron permutoid. If P " xA | Ry is a finite presentation for a group G, then we write B ρ pPq to denote the Cameron permutoid pΠ ρ ; B 2ρ q.
Remark 3.3. It is important to note that, in order to construct B ρ pPq from a finite presentation P, one needs to be able to calculate which words of length at most ρ in the generators represent equal elements of the group, and for each pair of such elements b, x, one needs to calculate bx. This can be achieved in an algorithmic manner provided that one has a solution to the word problem in |P|. And in order to achieve the construction for all ρ ą 0 and all presentations in a class P, one needs a uniform solution to the word problem for the groups in P.
We have arranged the definitions so that the following lemma is obvious.
Lemma 3.4. For all presentations P " xA | Ry and
where Φ is the restriction of π to B 2ρ and φpp b q " p πpbq .
If ρ is large enough then there is a natural isomorphism ΓpB ρ pPqq -|P|. In order to see this, we need the following well-known triangulation procedure.
Lemma 3.5. Let P " xA | Ry be a finite presentation, let m be an integer greater than half the length of the longest relation in R, let B be the set of elements of G " |P| that can be expressed as words of length at most m in the free group F pAq, let T be the set of words w P F pBq of length three that equal the identity in G, and let T " xB | T y. Then, the natural map A Ñ B Ă G induces an isomorphism |P| Ñ |T |. Proposition 3.6. If ρ ě 1, then there is a natural epimorphism of groups ΓpB ρ pPqq Ñ |P|, and if ρ is greater than half the length of the longest relator in R, this is an isomorphism.
Proof. By definition,
where B ρ is the ball of radius ρ about the identity in |P| (with word metric d A ). The homomorphism ΓpB ρ pPqq Ñ |P| defined by p b Þ Ñ b is onto (since ρ ě 1 and the image of B 1 generates |P|). And if ρ is greater than half the length of the longest relator in R, then modulo an obvious change of notation this is the isomorphism of Lemma 3.5.
We need one final fact.
Lemma 3.7. For all marked groups pG, Aq and all positive integers ρ ą ρ 1 ą 0, there is an extension of permutoids pΠ ρ 1 ; B 2ρ 1 q Ñ pΠ ρ ; B 2ρ q given by the inclusion B 2ρ 1 ãÑ B 2ρ and the map Π ρ 1 Ñ Π ρ that extends left-multiplication from B ρ 1 to B ρ . Corollary 3.8. If P is a finite presentation of a finite group G then, for all positive integers ρ, the permutoid B ρ pPq is developable.
Proof. If ρ is sufficiently large then B ρ " B 2ρ " G and Π ρ ă PermpGq is the subgroup consisting of left multiplications.
Remark 3.9. A permutoid defines a pree in an obvious manner. By definition, a pree is a non-empty set P with a partially defined binary operation, i.e. a subset D Ď PˆP and a map m : D Ñ P . This terminology is due to Stallings [9] (also [8] ); Baer [1] had earlier used the term add to describe such objects. Both Baer and Stallings established criteria that guarantee a pree will embed in the associated group GpP, mq :" xP | pq " mpp,for all pp,P Dy.
Finite completions and finite quotients
In the language of permutoids, Cameron's Conjecture (Problem 1.1) is that developability is an undecidable property.
Theorem 4.1. There does not exist an algorithm that, given a finite permutoid pΠ; Xq, can determine whether or not pΠ; Xq is developable. Remark 4.2. It is clear that the isomorphism classes of finite permutoids form a recursive set, and a naive search will eventually find a complete extension of a finite permutoid if such exists. The content of the above theorem, then, is that there is no algorithm that can enumerate the isomorphism classes of finite permutoids that do not have a complete finite extension.
In [2, Theorem B] we constructed a recursive set of finite presentations for biautomatic groups such that there is no algorithm that can determine which of these groups has a non-trivial finite quotient. The class of (bi)automatic groups admits a uniform solution to the word problem [4, pp. 32, 112] . Theorem 4.1 therefore follows immediately from [2, Theorem B] and the next proposition. Proposition 4.3. Let P be a class of finite presentations for groups drawn from a class in which there is a uniform solution to the word problem. If there were an algorithm that could determine whether or not a finite permutoid was developable, then there would be an algorithm that, given any presentation P P P, could determine whether or not the group |P| had a non-trivial finite quotient.
Proof. Given P P P, take ρ to be at least half the length of the longest relator and use the solution to the word problem to construct B ρ pPq (cf. Remark 3.3). Then list representatives P i for the finitely many isomorphism classes of the non-trivial quotient permutoids. The proposition now follows from the claim that |P| has a non-trivial finite quotient if and only if one of the P i is developable.
On the one hand, if one of the P i is developable then ΓpP i q has a finite quotient, by Lemma 2.4(3), and hence, by Lemma 2.4(1), so does ΓpB ρ pPqq, which, by Proposition 3.6, is isomorphic to |P|. Conversely, if |P| has a non-trivial finite quotient, with presentation P 1 " xA | R 1 y say, where R Ă R 1 , then B ρ pP 1 q will be a quotient permutoid of B ρ pPq, and the P i isomorphic to it will be developable, by Corollary 3.8.
Remark 4.4. The key observation that if B ρ pPq has a complete finite extension then |P| has a non-trivial finite quotient is due to Peter Cameron [3] .
Rigid developments and pseudogroups
Pseudogroups play an important role in many geometric contexts. A pseudogroup of local homeomorphisms on a topological space X is a collection H of homeomorphisms h : U Ñ V of open sets of X such that:
(1) if h : U Ñ V and h 1 :
2) the restriction of h to any open subset of U belongs to H; (3) id X P H; (4) if a homeomorphism between open subsets of X is the union of elements of H, then it too belongs to H. We shall concentrate on the case where X is a finite set with the discrete topology.
A set Π of partial permutations of a set X determines a pseudogroup denoted H Π , namely the pseudogroup generated by all restrictions of the elements p P Π. For example, the pseudogroup associated to a Cameron permutoid pΠ ρ ; B 2ρ q consists of all maps U Ñ V , with U, V Ď B 2ρ , that are restrictions of left-muliplications x Þ Ñ g.x on G.
If pΠ; Xq is a permutoid, then by passing from Π to H Π one loses the crucial condition 1.1(2). Correspondingly, H Π can always be embedded in the pseudogroup H Π 1 associated to a set Π 1 of permutations of X: take any choice of extension p 1 P PermpXq for p P Π. A more substantial analogue of Problem 1.1 in the context of pseudogroups arises when one restricts attention to pseudogroups that are rigid in the sense that maps are defined by their value at any point. Definition 5.1. A permutoid pΠ; Xq is rigid if for all p ‰ q P Π, there is no x P X such that ppxq " qpxq.
A pseudogroup H is rigid if f Y g P H whenever f, g P H and f pxq " gpxq for some x P X (equivalently, every element of H has a unique maximal extension).
A basic example of a rigid pseudogroup is the pseudogroup G˙X associated to a free action of a group on a space X (in our case a finite set with the discrete topology). The elements of this pseudogroup are the restrictions of the transformations in the action. In close analogy with Problem 1.1, one would like to know, given a finite rigid pseudogroup, H on X, if one can embed X in a finite set Y so that the elements of H are restrictions of transformations of Y in a free action of a finite group G; in other words we wish to embed H in some G˙Y . When this can be done, we say that H is developable.
Theorem 5.2. There does not exist an algorithm that can determine whether or not a finite, rigid pseudogroup has a finite development.
The proof of this theorem is implicit in our earlier arguments; to translate them we need the following lemma.
Lemma 5.3. Let H be a rigid pseudogroup on a finite set X and let Λ Ă H be the set of maximal elements.
(1) pΛ; Xq is a rigid permutoid.
If H " H Π for some permutoid pΠ; Xq, then the map that assigns each p P Π to its maximal extension in H defines an extension of permutoids pΠ; Xq Ñ pΛ; Xq. (4) If H is developable, then so is pΛ; Xq (and hence pΠ; Xq).
Proof. The first three items follow easily from the definitions. For example, if p, q P Π and qpxq P ranpqq X domppq, then the unique maximal element r P H with rpxq " pqpxq is the unique element of Π such that r extends p¨q.
(4). If G˙Y is a finite development of H, then each maximal element p P H is the restriction of the action of a uniquep P G, sor "pq if r extends p¨q. Thus Φ : X ãÑ Y and φppq :"ĥ define a development of pΠ; Xq.
Let G be a group with finite generating set A and let B r denote the ball of radius r about 1 P G in the corresponding word metric. Earlier, we considered the permutoid B ρ pPq " pΠ ρ ; B 2ρ q. The associated pseudogroup H Πρ consists of all maps U Ñ V , with U, V Ď B 2ρ , that are restrictions of left multiplications λ g : G Ñ G.
Proposition 5.4. Let G be a group with finite presentation xA | Ry, let ρ ą 1 2 maxt|r| : r P Ru be an integer and consider the permutoid B ρ pPq " pΠ ρ ; B 2ρ q. The following conditions are equivalent.
(1) G has a non-trivial finite quotient; (2) B ρ pPq has a quotient permutoid that is developable; (3) B ρ pPq has a quotient permutoid that has a rigid finite development; (4) B ρ pPq has a quotient permutoid whose associated pseudogroup is rigid and developable.
Proof. We proved the equivalence of (1) and (2) in the proof of Proposition 4.3. (3) implies (2), trivially, and (1) implies (3) because if Q is a finite quotient of G, then the action of Q by left-multiplication on itself provides a rigid development for some quotient P of B ρ pPq. Moreover, the rigid pseudogroup Q˙Q associated to this action (where Q acts on itself by left multiplication) is a development of the pseudogroup defined by P , and therefore (1) implies (4). Finally, Lemma 5.3(4) tells us that (4) implies (3).
Proof of Theorem 5.2. We follow the proof of Proposition 4.3. Taking finite presentations in a class P where there is a uniform solution to the word problem but no algorithm that can determine if the groups presented have finite quotients or not, we construct the permutoids B ρ pPq as above, list the finitely many quotients of each B ρ pPq, then pass to the pseudogroups defined by these quotients, retaining only those pseudogroups that are rigid (an easy check). If there were an algorithm that could determine developability for rigid pseudogroups, then we would apply it to the members of the resulting list and thereby (in the light of Proposition 5.4) determine which of the groups with presentations in P have finite quotients. This would contradict our choice of P, and therefore no such algorithm exists.
Remark 5.5. The undecidability phenomena that we have articulated in the language of permutoids and pseudogroups can equally be expressed in the language of groupoids or inverse semigroups (cf. [7] ). In the context of inverse semigroups, Steinberg [10] has proved a result similar to Theorem 5.2 (see also [5] ). Also, instead of considering finite sets, one could consider sets of partial automorphisms of simplicial complexes, for example.
